This paper introduces a new model of exchange: networks, rather than markets, of buyers and sellers. It begins with the empirically motivated premise that a buyer and seller must have a relationship, a "link," to exchange goods. Networks -buyers, sellers, and the pattern of links connecting them -are common exchange environments. This paper develops a methodology to study network structures and explains why agents may form networks. In a model that captures characteristics of a variety of industries, the paper shows that buyers and sellers, acting strategically in their own self-interests, can form the network structures that maximize overall welfare. (JEL D00, L00)
This paper develops a new model of economic exchange: networks, rather than markets, of buyers and sellers. In contrast to the assumption that buyers and sellers are anonymous, this paper begins with the empirically motivated premise that a buyer and a seller must have a relationship, or "link," to engage in exchange. Broadly de…ned, a "link" is anything that makes possible or adds value to a particular bilateral exchange. An extensive literature in sociology, anthropology, as well as economics, records the existence and multifaceted nature of such links. In manufacturing, customized equipment or any speci…c asset is a link between two …rms. 1 Relationships with extended family members, co-ethnics, or "…ctive kin" are links that reduce information asymmetries. 2 Personal connections between managers and bonds of trust are links that facilitate business transactions. 3 There is now a large body of research on how such bilateral relationships facilitate cooperation, investment, and exchange. Some research also considers how an alternative partner or "outside option" a¤ects the relationship. 4 However, there has been virtually no attempt to examine the realistic situation in which both buyers and sellers may have costly links with multiple trading partners. This paper develops a theory of investment and exchange in a network, where a network is a group of buyers, sellers, and the pattern of the links that connect them. An economic theory of networks must consider questions not encountered when buyers and sellers are assumed to be anonymous. Because a buyer can obtain a good from a seller only if the two are linked, the pattern of links a¤ects competition for goods and the potential gains from trade. Many new questions arise: Given a pattern of links, how might exchange take place? Who trades with whom and at what "equilibrium" prices? Is the outcome of any competition for goods e¢cient? The link pattern itself is an object of study. What are the characteristics of e¢cient link patterns? What incentives do buyers and sellers have to build links, and when are these individual incentives 1 For example, Brian Uzzi's (1996) study reveals the nature of links in New York City's garment industry. Links embody "…ne-grained information" about a manufacturer's particular style. Only with this information can a supplier quickly produce a garment to the manufacturer's speci…cations. 2 See, for example, Janet Tai Landa (1994) , Avner Greif (1993) , and Rachel E. Kranton (1996) . These links are particularly important in developing countries, e.g. Hernando de Soto (1989) . They also facilitate international trade (Alessandra Casella and James E. Rauch, 1997) .
3 For a classic description see Stewart Macauley (1963) . John McMillan and Christopher Woodru¤ (1999) show the importance of on-going relations between …rms in Vietnam for the extension of trade credit. 4 The second sourcing literature considers how an alternate source alters the terms of trade between a buyer and supplier. See for example, Joel S. Demski, David E. Sappington, and Pablo T. Spiller (1987) , David T. Sche¤man and Spiller (1992) , Michael H. Riordan (1996) and Joseph Farrell and Nancy T. Gallini (1988) . Susan Helper and David Levine (1992) study an environment where the "outside option" is a market. aligned with social welfare?
Networks are interesting, and complex, exchange environments when buyers have links to multiple sellers and sellers have links to multiple buyers. We see multiple links in many settings.
The Japanese electronics industry is famous for its interconnected network structure (e.g., Toshihiro Nishiguchi, 1994) . Manufacturers work with several subcontractors, transfering know-how and equipment, and "qualify" these subcontracters to assemble speci…c …nal products and ship them to customers. Subcontractors, in turn, shift production to …ll the orders of di¤erent manufacturers. Similarly, in Modena, Italy, the majority of artisans who assemble clothing for garment manufacturers work for at least three clients. These manufacturers in turn spread their work among many artisans (Mark Lazerson, 1993) . 5 Annalee Saxenian (1994) attributes the innovative successes of Silicon Valley to its interconnected, rather than vertically integrated, industrial structure, and Allen J. Scott (1993) reaches a similar conclusion in his study of electronics and engineering subcontracting in the Southern Californian defense industry.
In this paper, we explore two reasons why networks emerge, one economic, the other strategic.
First, networks can allow buyers and sellers collectively to pool uncertainty in demand, a motive we see in many of the above examples. When sellers have links to more buyers, they are insulated from the di¢culties facing any one buyer. And when buyers purchase from the same set of sellers, there is a saving in overall investment costs. As for the strategic motivation, multiple links can enhance an agent's competitive position. With access to more sources of supply (demand), a buyer (seller) secures better terms of trade.
To capture these motivations we specify a game where buyers form links, then compete to obtain goods from their linked sellers. We implicitly assume that agents do not act cooperatively; they cannot write state-contingent, long-term binding contracts to set links, future prices, or side payments. 6 We consider a stylized general setting: Sellers can each produce one (indivisible) unit of output. Buyers desire one unit each and have private uncertain, valuations for a good. 7 5 Elsewhere in the garment industry, we …nd a similar pattern (Uzzi, 1996, and Pamela M. Cawthorne, 1995) . 6 Such contracts may be di¢cult to specify and enforce and are even likely to be illegal. An established literature in industrial organization considers how contractual incompleteness shapes economic outcomes (Oliver E. Williamson, 1975; Sanford J. Grossman and Oliver D. Hart, 1986; Hart and John Moore, 1988) . 7 This setting captures the characteristics of at least the following industries particularly well: clothing, electronic components, and engineering services. They share the following features: uncertain demand for inputs because of frequently changing styles and technology, supply-side investment in quality-enhancing assets, speci…c investments in buyer-seller relationships, and small batches of output made to buyers' speci…cations. In short, sellers in these industries could be described as " ‡exible specialists," to use Michael J. Piore and Charles F. Sabel's (1984) term.
A buyer can purchase from a seller if and only if the two are linked. We then ask what is the relationship between agents' individual self-interests and collective interests? Can buyers and sellers, acting non-cooperatively to maximize their own pro…ts, form a network structure that maximizes overall economic surplus?
To answer these questions, we …rst explore the relationship between the link pattern and agents' competitive positions in a network. We represent competition for goods by a generalization of an ascending-bid auction, analogous to the …ctional Walrasian auctioneer in a market setting. 8 Our …rst set of results shows that this natural price formation process can lead to an e¢cient allocation of goods in a network. The buyers that value the goods the most obtain the goods, subject only to the physical constraints of the link patterns. Furthermore, the prices re ‡ect the link pattern. A buyer's revenues are exactly the marginal social value of its participation in the network. 9 Our main result shows that, when buyers compete in this way, their individual incentives to build links can be aligned with economic welfare. E¢cient network structures are always an equilibrium outcome. Indeed, for small link costs, e¢cient networks are the only equilibria. These results may seem surprising in a setting where buyers build links strategically, and especially surprising in light of our …nding that buyers may have very asymmetric positions in e¢cient networks. Yet, it is the ex post competition for goods that yields e¢cient outcomes. Because of competition, no buyer can capture surplus generated by the links of other buyers. Rather, a buyer's pro…t is equal to its contribution to overall economic welfare.
By studying competitive buyers and sellers, this paper advances the economic theory of networks. 10 The most closely related work is by Matthew O. Jackson and Asher Wolinsky (1996) See above references for studies of apparel industries. Scott (1993) , Nishiguchi (1994) , and Edward H. Lorenz (1989) study the engineering and electronics industries in southern California, Japan and Britain, and France, respectively. 8 This auction model can be used whenever there are multiple, interlinked buyers and sellers and has several desirable properties including ease of calculating payo¤s.
9 These revenues are robust to di¤erent models of competition. By the payo¤ equivalence theorem (Roger B. Myerson, 1981) , any mechanism that allocates goods e¢ciently must yield the same marginal revenues. We discuss this point further below. 1 0 By theory of "networks," we mean theory that explicitly examines links between individual agents. The word "networks" has been used in the literature to describe many phenomena. "Network externalities" describes an environment where an agent's gain from adopting a technology depends on how many other agents also adopt the technology (see Michael L. Katz and Carl Shapiro, 1994) . In this and many other settings, the links between individual agents may be critical to economic outcomes, but have not yet been incorporated in economic modeling. who examine strategic link formation in a general setting. 11 They …nd, using a value function that allocates network surplus to the nodes (players), that e¢cient networks need not be stable.
In our economic environment agents face uncertainty, asymmetric information, and contractual incompleteness. These features constrain the possible allocations of surplus and make e¢ciency more di¢cult to achieve. Furthermore, we focus on a speci…c environment, that of buyers and sellers. The combinatoric methods we develop may be used to examine other bipartite settings, such as supervisory hierarchies in …rms and international trading blocs. 12 More generally, this research adds to our understanding of economic institutions. Following Coase (1937) economists have distinguished between market and non-market institutions.
Networks are non-market institutions with important market-like characteristics: exchange is limited to linked pairs, but buyers and sellers may form links strategically and compete. The theory here captures both aspects of networks. We can use this theory to compare networks to other institutions on either side of the spectrum -markets and vertically integrated …rms. 13 Furthermore, there are many institutional features of networks that can be built onto the basic structure developed here. We indicate directions for future research in the conclusion.
The rest of the paper is organized as follows. Section I constructs the basic model of networks and develops notions of e¢ciency and competition for the network setting. Sections II and III consider individual incentives to build links and the e¢ciency of link patterns. Section IV concludes.
I. Competition and Exchange in Buyer-Seller Networks
This section develops a theory of competition and exchange in networks. We begin with the basic model of buyers, sellers, and links. We then develop a model of competition in a network. 1 1 Much previous research on networks (e.g. Myerson, 1977, and Bhaskar Dutta, Anne van-den-Nouweland, and Stef Tijs, 1998) employs cooperative equilibrium concepts. There is also now a growing body of research on strategic link formation (see e.g. Venkatesh Bala and Sanjeev Goyal, 1999; Jackson and Alison Watts, 1998) . Ken Hendricks, Michele Piccione, and Guofo Tan (1997) study strategic formation of airline networks.
1 2 In our analysis we use a powerful, yet intuitive, result from the mathematics of combinatorics known as the Marriage Theorem. With this Theorem we can systematically analyze bipartite network structures.
1 3 See Kranton and Deborah F. Minehart (1999b) .
A. The Basic Model of Buyer-Seller Networks
There are B buyers, each of whom demands one indivisible unit of a good. We denote the set of buyers as B. Each buyer i, or b i , has a random valuation v i for a good. The valuations are independently and identically distributed on [0; 1) with continuous distribution F . We assume the distribution is common knowledge, and the realization of v i is private information. There are S sellers who each have the capacity to produce one indivisible unit of a good at zero cost. We denote the set of sellers by S:
A buyer can obtain a good from a seller if and only if the two are linked. E.g., a link is a speci…c asset, and with this asset the buyer has a value v i > 0 for the seller's good. We use the notation g ij = 1 to indicate that a buyer i and a seller j are linked and g ij = 0 when they are not. These links form a link pattern, or graph, G. 14 A network consists of the set of buyers and sellers and the link pattern.
In a network, the link pattern determines which buyers can obtain goods from which sellers;
that is, the link pattern determines the feasible allocations of goods. An allocation is feasible only if it respects the pattern of links. That is, a buyer i that is allocated seller j's good must actually be linked to seller j. 15 In addition, no buyer can be allocated more than one seller's good, and no seller's good can be allocated to more than one buyer. 16 To tell us when an allocation of goods is feasible in a given network, we use the Marriage Theorem -a result from the mathematics of combinatorics and an important tool for our analysis. 17
The theorem asks: given populations of women and men, when it is possible to pair each woman with a man that she knows, and no man or woman is paired more than once. In our setting, the buyers are "women," the sellers are "men," and the links indicate which women know which men. To use this theorem, it is convenient to de…ne the set of sellers linked to a particular set of buyers, and vice versa. For a subset of buyers B, let L(B) µ S denote the set of sellers linked to any buyer in B. We call L(B), B's linked set of sellers and say the buyers in B are linked, 1 4 It is often convenient to write G as a ¹ B£ ¹ S matrix where the element gij indicates whether buyer i and seller j are linked.
1 5 An allocation of goods, A, can also be written as a ¹ B£ ¹ S matrix, where a ij = 1 when b i is allocated a good from sj and aij = 0 otherwise. 1 6 Formally, an allocation A is feasible given graph G if and only if aij< gij for all i; j and for each buyer i, if there is a seller j such that a ij = 1 then a ik = 0 for all k 6 = j and a lj = 0 for all l 6 = i.
1 7 Also known as Hall's Theorem, see R.C. Bose and B. Manvel (1984, pp. 205-209) or other combinatorics/graph theory text for an exposition.
collectively, to these sellers. Similarly, for a subset of sellers S; let L(B) µ B denote these sellers' linked set of buyers.
The Marriage Theorem. For a subset of sellers S containing S sellers and for a subset of buyers B containing B buyers, there is a feasible allocation of goods such that every buyer in B obtains a good from a seller in S if and only if every subset B 0 µ B containing k buyers is linked, collectively, to at least k sellers in S, for each k; 1<k<B: 18
To determine whether an allocation of goods is feasible in a given network, we simply use the counting algorithm provided by the Marriage Theorem. Our …rst example demonstrates. It must contain at least two sellers to satisfy the theorem. Therefore, there is no feasible allocation in which buyers 1, 2, and 3 all obtain goods.
In contrast, there is a feasible allocation in which buyers b 2 , b 3 , and b 4 all obtain goods (b 2 from s 1 , b 3 from s 3 , and b 4 from s 2 ). The condition of the theorem is satis…ed; there are three sellers in the linked set of fb 2 ; b 3 ; b 4 g. There are two sellers in the linked set of each subset of two buyers, and each single buyer is linked to at least one seller.
B. Gains from Exchange and E¢cient Allocations of Goods
Economic surplus is generated when buyers procure goods from sellers. The level of surplus will depend on which buyers obtain goods, since buyers' valuations di¤er. Let v = (v 1 ; :::; v B ) be a vector of buyers' realized valuations. The economic surplus associated with an allocation A is the sum of the valuations of the buyers that secure goods in A. We denote the surplus as w(v;A): 19
We focus on the allocations that yield the highest possible surplus, given the network link pattern. As we saw above, the link pattern constrains the allocation of goods. It may not be feasible for a buyer to obtain a good even though it has a high valuation. Of the feasible allocations, an e¢cient allocation yields the highest surplus from exchange. In this allocation, the buyers with the highest valuations of goods obtain goods whenever possible given the link pattern. 20 We denote the e¢cient allocation by A ¤ (v; G):
The next example demonstrates the e¢cient allocation of goods in a network for a particular realization of buyer's valuations. In this allocation, a buyer that has a high valuation does not obtain a good. Yet, the allocation yields the highest possible surplus, given the pattern of links.
Example 2. E¢cient Allocation of Goods in a Network. Consider again the network in The surplus from this allocation is v 1 + v 3 + v 4 . The only other allocations that could yield higher surplus would allocate goods to buyers fb 1 ; b 2 ; b 3 g or fb 1 ; b 2 ; b 4 g. But, using the Marriage Theorem, we see that these allocations are not feasible given this link pattern.
By taking the e¢cient allocation of goods for each realization of buyers' valuations, we can determine the highest possible expected surplus from exchange in a given network. Let H(G) be 1 9 We can write w(v;A) = v ¢ A ¢ 1; where 1 is an S £1 matrix where each element is 1. 2 0 Several allocations may yield the same surplus. However, without loss of generality, we can restrict attention to equivalent allocations -allocations in which the same subsets of buyers obtain goods and the same subset of sellers produce goods. This is because buyer i earns vi in any allocation in which it obtains a good and seller j's cost does not depend on which buyer obtains its good. the maximal gross economic surplus obtainable for a link pattern G. 21 We have
where the expectation is taken over all the possible realizations of buyers' valuations. 22
C. Competition in a Network
With the basic model in hand, we now develop a model of competition in a network. We use this model to examine how link patterns a¤ect prices and allocations of goods. The generalization of an English, or ascending-bid, auction that we construct allows for easy, reasonable, yet exact analysis where we can "see" the competition. 23 For any realization of buyers' valuations, we can compute the equilibrium allocation, prices, and division of surplus.
We view the auction as an abstraction of the way goods are actually allocated and prices negotiated in a network setting, in a sense similar to the …ction of the Walrasian auctioneer. 24 As in a market, the outcome of the competition has several desirable features. First, the allocation of goods is e¢cient. Despite that buyers' valuations are private information, the buyers with the highest valuations obtain goods whenever possible given the link pattern. Second, the resulting payo¤s are "stable;" no buyer and seller can renegotiate the prices or allocation to their mutual bene…t. 25 The prices themselves re ‡ect the social opportunity costs of exchange. We will see below that these properties are critical for buyers to have the correct incentives to build links.
We provide an overview of the auction here and refer the reader to Appendix A for a formal analysis.
Recall, …rst, a standard ascending-bid auction with one seller. The price rises from zero, and 2 1 Later, when we introduce link and investment costs, we will distinguish this value from net economic surplus. 2 2 This expectation is straightforward to calculate. The e¢cient allocation depends only on the ordering of buyers' valuations, not their absolute levels. The expectation, H(G), can be written as an expectation over the order statistics of the distribution F (see Kranton and Minehart, 1999b) .
2 3 Gabrielle Demange, David Gale, and Marilda Sotomayor (1986) develop an ascending-bid auction for multiple buyers and sellers and general preferences. They do not analyze, however, strategic bidding. We solve for a perfect Bayesian equilibrium of the auction game. Independently, Faruk Gul and Ennio Stacchetti (1998) also show that truthful bidding is an equilibrium outcome of such an ascending-bid auction.
2 4 There are, however, some instances where auctions are actually used as in defense subcontracting and the shoe industry in Brazil (Hubert Schmitz, 1995, p. 14) .
2 5 Because only buyer-seller pairs generate surplus, the outcome is also in the core (Lloyd S. Shapley and Martin Shubik, 1972) . Kranton and Minehart (1999a) considers general properties of pairwise stable payo¤s in networks. The auction yields the lowest payo¤s for sellers in the set of all pairwise stable payo¤s.
each buyer decides at each moment whether to remain in the bidding or drop out. As is well known, it is a weakly dominant strategy for each buyer to remain in the bidding until the price reaches its valuation. The price then rises until it reaches the second highest valuation, and the buyer with the highest valuation secures the good at this price. As long as the number of buyers in the bidding exceeds the supply (of one), the price rises. As soon as the number of bidders equals the supply, the auction "clears."
In our generalization, sellers simultaneously hold ascending-bid auctions, where the going price is the same across all sellers. As this price rises from zero, each buyer decides whether to drop out of the bidding of each of its linked sellers' auctions. The price rises until enough buyers have dropped out so that there is a subset of sellers for whom "demand equals supply." We call such a subset a clearable set of sellers. The auctions of these sellers "clear" at the current price. (Appendix A shows the clearing rule is well-de…ned). If there are remaining sellers, the price continues to rise until all sellers have sold their goods. We prove that it is an equilibrium (following elimination of weakly dominated strategies) for each buyer to remain in the bidding in each of its linked sellers' auctions up to its valuation of a good.
The next example illustrates the auction and demonstrates how a link pattern shapes the competition for goods.
Example 3. Auction Representation of Competition in a Network. In Figure 1 , we suppose that buyers' valuations are realized in the order
the demand exceeds supply for all subsets of sellers. The price rises until it reaches v 5 when b 5 drops out of the auction of s 3 . Now fs 2 ; s 3 g constitutes a clearable set of sellers; i.e., there are only two buyers (b 3 and b 4 ) remaining in the bidding for these sellers' goods and there is a feasible allocation in which these buyers obtain goods from these sellers. The buyers each pay a price of p = v 5 . Buyer 3 purchases from s 3 , while buyer 4 purchases from s 2 . There are still two buyers, b 1 and b 2 , who demand the remaining good of s 1 . Since there is excess demand for s 1 , the price continues to rise. The price rises until it reaches v 2 at which point b 2 drops out. Buyer 1 purchases from s 1 at p = v 2 . Note that the auction achieves the e¢cient allocation of goods.
As we discussed in the previous example, the e¢cient allocation given the link pattern is for b 1 ; b 3 ; and b 4 to purchase goods.
For any network, we can easily calculate the payo¤s from this equilibrium of the auction; indeed, the ease of calculation is a useful feature of this model of competition. Given a link pattern G, let V b i (G) denote the expected payo¤ to buyer i in this equilibrium, and let V s j (G) denote the expected payo¤ to seller j. We will refer to these payo¤s as "V -payo¤s." We can calculate …rms' V -payo¤s using the order statistics of the distribution F . 26 Let X n:B be the random variable which is the n th highest valuation of the B buyers, that is X n:B is the n th order statistic. The following example demonstrates the calculation of expected payo¤s. This representation of competition in a network has several properties that any frictionless model of network competition should satisfy. First, the equilibrium allocation of goods is e¢-cient. The buyers that value goods the most obtain goods, subject to the constraints of the link pattern. 27 Example 3 demonstrates this feature. Despite that buyers have private information, buyers bid truthfully. They do not hedge their bids or adopt other strategies that would lead to ine¢cient allocation of goods. Second, the allocation and prices together are pairwise stable.
That is, the surplus that any linked buyer and seller could generate by exchanging a good does not exceed their joint payo¤s. Intuitively, no linked buyer and seller, or indeed any coalition of agents, can renegotiate and strike a better deal.
Proposition 1. Given the link pattern, for each realization of buyers' valuations, the equilibrium allocation of goods is e¢cient and the allocation and prices are pairwise stable.
The intuition behind these two properties is that, in this equilibrium, a buyer pays a price exactly equal to the social opportunity cost of obtaining a good. The price a buyer pays does not depend on its own valuation, so there is no incentive not to bid truthfully. In equilibrium, a buyer i pays the seller the valuation of the "next-best" buyer, that is, the highest valuation buyer that would have obtained a good in i's place. This price is just high enough so that no competing buyer will want to o¤er a seller a higher price. For example, in the equilibrium described above for A third feature of this model of competition is that the payo¤s in this equilibrium satisfy desirable comparative statics properties of "supply and demand" in a link pattern. For a buyer, increasing its access to supply by adding a link to another seller weakly decreases the price it expects to pays, and vice versa for a seller. The payo¤s of other agents also change in natural ways, e.g. the payo¤s of other buyers linked to the seller with the additional link weakly decrease. 29
In our treatment of networks thus far, we have taken the links that connect buyers and sellers as given. This section demonstrates a model of competition that uniquely associates "stable"
prices and an e¢cient allocation with every link pattern. In the next part of the paper, we turn to the formation of the network. We will see that the incentives to form links depend on the properties of the competitive process.
II. Strategic Link Formation and E¢cient Link Patterns
In this section we examine buyers' strategic incentives to form links. We consider, in particular, the relationship between buyers' individual incentives and overall economic welfare. We examine the simplest setting: buyers choose links to an exogenously given set of productive sellers. 30 In a two stage game, buyers …rst simultaneously choose links. Second, buyers learn their valuations and compete in the auction speci…ed above. As mentioned earlier, implicit in this structure is that the buyers cannot use long-term complete contingent contracts to assign individual links, future prices, or allocations. We think of investments in links as long-run investments in anticipation of short-run uncertain demand for goods.
In this analysis, we assume that there are welfare gains when buyers share the productive capacity of sellers. We call these welfare gains economies of sharing and assume that there are fewer sellers than buyers, ¹ S < ¹ B: The gain from fewer sellers arises from the variability of buyers'
valuations and the implicit assumption that productive capacity is costly. (In the next section, we explicitly introduce these costs.) To see why, consider the case of three buyers. If sellers'
capacity is costly, it may be optimal for the buyers to share the capacity of just two sellers.
The capacity could be allocated to the two buyers that ultimately have the highest valuations for goods. While only two buyers obtain goods, there is a savings in the cost of one unit of capacity. 31
The same economies of scale underly the "repairman problem" (William Feller, 1950; Michael Rothschild and Gregory J. Werden, 1979) where agents use repair services only when needed.
Similar economies are also exploited by intermediary …rms that hold inventories (see Daniel F. Spulber, 1996) . 32 In a network, the link pattern determines the extent to which economies of sharing are realized.
For the economies to be fully realized in our three-buyer-two-seller example, there must be enough links so that whichever buyers have the highest two valuations they can always obtain goods.
When links are costly, it might not be optimal, from a social welfare point of view, to fully realize the economies of sharing. The gains from adding one more link need not exceed its cost.
We consider e¢cient link patterns, those that balance the link costs with the expected gains from exchange. Let W (G) denote the net economic surplus from a link pattern G. This net surplus consists of the maximal gross surplus, H(G), minus total link costs. Recall that H(G)
is the highest possible surplus from exchange given the link pattern G. It is obtained from the e¢cient allocation of goods for that link pattern. We have
where recall g ij = 1 when buyer i is linked to seller j and g ij = 0 otherwise. We say a link pattern G is e¢cient if it yields the highest net economic surplus of all graphs. 33 Our central question is whether buyers, acting noncooperatively, can form e¢cient link patterns.
A. A Network Formation Game with Exogenous Sellers
We consider the following network formation game.
Stage One: Buyers simultaneously choose links to sellers. A buyer incurs a cost c > 0 for each link. Restricting attention to pure strategies, we describe the links of buyer i by the vector g i = (g i1 ; :::; g iS ), where g ij = 1 when buyer i forms a link to seller j, and g ij = 0 otherwise. The buyers' links form a link pattern G, 34 and we assume G is observable to all players.
Stage Two: Each buyer b i privately learns its valuation, v i , of a good. Buyers compete in the auction speci…ed above. We consider the equilibrium in which buyers bid up to their valuations, and summarize the outcome in buyers' V -payo¤s. A buyer's …nal payo¤, its pro…t, is its V -payo¤s minus its link costs. For
g ij . For s j , pro…ts are V s j (G). We solve for a perfect Bayesian equilibrium of this game. In the …rst stage, a buyer's choice of links must maximize its expected pro…ts, given the strategies of other buyers. A buyer cannot have an incentive to add, break, or rearrange any of its links. We say a link pro…le G ¤ is an 3 3 Below we derive the structure of e¢cient link patterns using the Marriage Theorem. 
B. E¢cient Networks and Equilibrium
We show here our main result: E¢cient link patterns are always equilibrium outcomes of the game. The second-stage competition for goods aligns the incentives of buyers to build links with the social goal of welfare maximization. This result is presented below as Proposition 2.
The result follows from our assumption that buyers compete for goods. In our model of competition, the resulting allocation of goods is e¢cient, given the link pattern. The maximal surplus from exchange for the network is achieved. Furthermore, the price a buyer pays is equal to the social opportunity cost of obtaining a good. With these properties, buyers' competitive payo¤s are exactly equal to the contribution of their links to economic welfare. That is, if we remove any number of a buyer's links (holding constant the rest of the link pattern), the loss in a buyer's V -payo¤s is the loss in gross economic surplus. The next example illustrates this outcome. The formal result follows. Let us compare the di¤erence in surplus from exchange and the di¤erence in buyer 3's payo¤s if we remove buyer 3's link to seller 3. With this link, in the e¢cient allocation and in the auction, buyers 1, 3, and 4 obtain goods, yielding a total surplus of v 1 +v 3 +v 4 . Buyer 3 pays a price equal to v 5 , and its payo¤s are v 3 ¡v 5 . When we remove the link, buyer 5 purchases from seller 3, buyer 3 purchases from seller 2, and buyer 4 no longer purchases. The total surplus from exchange is now v 1 + v 3 + v 5 , and the reduction in the total surplus is v 4 ¡ v 5 . Buyer 3 pays a higher price to obtain a good -rather than pay a price of v 5 ; it now pays p = v 4 giving it a payo¤ of v 3 ¡ v 4 .
The reduction in its payo¤ is v 4 ¡ v 5 , and this amount is exactly equal to the reduction in total surplus.
Formally, we have Lemma 1. Consider a link pattern G. Remove any number of buyer i's links to create a new pattern G 0 . The di¤erence in buyer i's V -payo¤s is the same as the di¤erence in expected gross surplus:
(Appendix B provides proof of this Lemma and subsequent results.)
That e¢cient link patterns are equilibrium outcomes follows directly from this result. Consider any e¢cient link pattern, 35 and ask whether any buyer has an incentive to deviate. The answer is no. By keeping its links in place, the buyer makes the largest contribution possible to surplus from exchange, and the buyer earns all this additional surplus in its V -payo¤s. In an e¢cient link pattern, this additional surplus exceeds the link costs.
Proposition 2. For any c, each e¢cient link pattern is an equilibrium outcome of the game.
Proposition 2 shows that when buyers compete for goods, networks can be formed e¢ciently.
This result would hold for any competitive process that yields an e¢cient allocation of goods and in which buyers' revenues are the marginal surplus from exchange. Moreover, these revenues are not special. When buyers have private information, in order to achieve an e¢cient allocation of goods, buyers' revenues must satisfy this marginal property. This requirement follows from Myerson's (1981) payo¤ equivalence theorem. Below we discuss further the robustness of our results.
In the next sections we characterize the structure of e¢cient networks and show that when link costs are small they are the only equilibrium outcomes of the network formation game.
C. The Structure of E¢cient Networks and a Uniqueness Result
E¢cient link patterns balance the cost of links with ex post gains from exchange. When link costs are small, a network should have enough links so that the buyers with the highest valuations can all obtain goods. All economies of sharing should be realized. In a network with three buyers and two sellers, for example, any set of two buyers should all be able to obtain goods. We say such as network is allocatively-complete (AC) and characterize it formally as follows: A network where all the buyers are linked to all the sellers is, obviously, allocatively complete.
When c = 0, this network is e¢cient. When c > 0, however, this network is not e¢cient. As we show next, allocative completeness can be achieved with fewer links.
Least-link allocatively complete networks achieve all the economies of sharing with the minimal number of links. Using the Marriage Theorem we show that in these networks each seller has exactly B ¡ S + 1 links. We see how these links must be "spread out" so that whichever buyers have the top valuations, there is a feasible allocation in which all these buyers obtain goods.
There are many ways to distribute these links among buyers, and some buyers can have more links than others.
Proposition 3. In a LAC network of buyers and sellers (B; S), each seller is linked to exactly B ¡ S + 1 buyers. Each buyer has from 1 to S links. When these particular 3 buyers have the top valuations, they cannot all obtain goods, and the network is not allocatively complete. Note that there is more than one way for sellers' links to be placed. Buyers may have di¤erent numbers of links. From the point of view of social welfare, however, there is no distinction between these networks.
We identify a range of small link costs where LAC networks are the e¢cient networks. For these costs, all economies of sharing should be realized. In a network where some set of ¹ S buyers cannot all obtain goods, there is a loss in gross surplus of at least
(With probability
¢¡1 these ¹ S buyers have the top valuations, and in this event a buyer with a lower valuation obtains a good instead.) We show we can eliminate such a loss with exactly one link.
Proposition 4. If 0 < c<
, then an LAC network of buyers and sellers (B; S) is the e¢cient network.
Before returning to our network formation game, we discuss some interesting features of the structure of e¢cient networks. First, LAC networks serve as a benchmark for all e¢cient networks. while the probability that it sells to one of its secondary buyers is only
These asymmetries highlight our result that every e¢cient network is an equilibrium. No matter how asymmetric are buyers' pro…ts, a buyer with many links is willing to invest in these links because his V -payo¤ incorporates their value to economic welfare. Given the link holdings of the other buyers, this is the best the buyer can do. 36 We next show that for the range of small link costs discussed above, LAC networks are the unique equilibrium outcomes of the game. 37 Therefore, e¢cient link patterns are the only equilibria for this range of link costs.
Proposition 5. For 0 < c<
, only e¢cient link patterns, that is, LAC link patterns, are equilibrium outcomes of the game.
For this range of link costs, some buyer has an incentive to add or break a link in any network that is not LAC. There are two types of non-LAC networks to consider. First, the network could be allocatively complete, but with more links than an LAC. In this case, a buyer would have an incentive to cut a link. We show that there is always at least one link that can be removed with no change in the gross surplus from exchange. 38 By Lemma 1, if the buyer cuts this link, its pro…ts increase exactly by c, the gain in welfare. For c > 0, then, a buyer would have an incentive to cut this "redundant" link.
Second, the network might not be allocatively complete. In this case, some buyer would have an incentive to add a link. We know that in non-AC networks, there is some set of ¹ S buyers that cannot all obtain goods. When these buyers have the top valuations, at least one of them will not obtain a good, even though it values a good more than other buyers. We show that it is possible for at least one buyer to add a link and obtain a good in this event, when it would not otherwise. Importantly, the buyer can achieve this greater access to goods without any change in other buyers' links. The buyer earns a gain in revenues of at least
Since a buyer's gain in revenues is exactly equal to its contribution to economic surplus, it is also e¢cient for a buyer to add this link.
C.1. Discussion of E¢ciency Results
We discuss brie ‡y here the robustness of our equilibrium results. E¢cient networks would be equilibrium outcomes for any model of competition that yields an e¢cient allocation of goods and where buyers earn the marginal surplus from exchange. Models of competition that do not share these features, however, could lead to ine¢cient networks.
First, in a setting where competition does not yield an e¢cient allocation of goods, the reduction in surplus would lead to suboptimal investment in links. Depending on the features of competition, more subtle distortions in incentives might also be associated with allocation ine¢ciencies. 39 However, absent time delays or other frictions, we posit that any reasonable model of competition should yield an e¢cient allocation of goods. Otherwise, some buyer and seller could renegotiate the allocation and terms of trade to their mutual bene…t. 40 Second, if buyers receive less than the full marginal value of an exchange, they could have insu¢cient incentives to invest in links. Setting aside the problem of achieving an e¢cient allocation, a priori, there could be any split of the marginal surplus from an exchange. In general, when the split of surplus is less than the share of investment, there would be underinvestment in links. This suggests an e¢ciency argument that the split of surplus should match the investment environment. The division of the surplus in the auction …ts our investment environment because buyers bear the entire cost of links.
We next consider a more complex network formation game, where both sellers and buyers make investments in the network.
III. Network Formation with Endogenous Sellers
In this section we study network formation when productive capacity is costly and the set of sellers that invest in capacity is endogenous. We develop a network formation game, de…ne e¢cient networks, and analyze equilibrium outcomes. We identify two reasons why networks may be formed ine¢ciently in this more complex environment.
A. The Game with Sellers' Investments
Stage One: Buyers simultaneously choose links to sellers and incur a cost c > 0 per link. As before, let g i = (g i1 ; :::; g iS ) denote buyer i's strategy, and let G denote the link pattern. When buyers choose links, sellers simultaneously choose whether to invest in assets that costs ® > 0.
This asset allows it to produce one indivisible unit of a good at zero marginal cost for any linked 3 9 Buyers may build extra links to a¤ect their bargaining position, for example. 4 0 Another future direction for research would be to characterize network outcomes when sellers also have private information over costs. In this case, no trading mechanism can always yield e¢cient allocations (Myerson and Mark A. Satterthwaite, 1983). buyer. A seller that does not invest cannot produce. Let z j = 1 indicate seller j invests in an asset and z j = 0 when seller j does not invest, where Z = fz 1 ; : : : ; z S g denotes all sellers' investments.
The investments (G; Z) are observable at the end of the stage. 41 Stage Two: Each buyer b i privately learns its valuation v i : Buyers compete for goods in the auction constructed above. As before, we consider the equilibrium in the auction in which buyers bid up to their valuations. An agent's pro…ts are its V -payo¤ minus any investment costs. For
g ij : For a seller j, pro…ts are V s j (G; Z) ¡ ® if it has invested in an asset. Pro…ts are zero for all other sellers.
As previously, we solve for a pure-strategy perfect Bayesian equilibria. Given other agents' investments, a buyer invests in its links if and only if no other choice of links generates a higher expected pro…t. A seller invests in capacity if and only if it earns positive expected pro…t.
B. E¢ciency and Equilibrium
E¢cient networks allow the highest economic welfare from investment in links, productive assets, and exchange of goods. The net economic surplus from a network, W (G; Z), is the gross economic surplus minus the investment and link costs:
network is an e¢cient network if and only if no other network yields higher net economic surplus.
In contrast to our previous game, here the e¢cient network is not always an equilibrium outcome. Buyers' incentives are aligned with economic welfare, but sellers sometimes have insuf…cient incentives to invest in assets. A seller's investment is e¢cient whenever its cost, ®, is less than what it generates in expected surplus from exchange. The price a seller receives, however, is less than the surplus from exchange. As discussed above, the price is not equal to the purchasing buyer's valuation but to the valuation of the "next-best" buyer. Each seller's pro…t, therefore, is less than its marginal contribution to economic welfare.
The next example illustrates that there is a divergence between e¢ciency conditions and sellers' investment incentives when sellers' costs are high. When ® is su¢ciently low, the e¢cient network is an equilibrium outcome. But when ® is high enough, sellers will not invest. The problem of covering sellers' costs is a consequence of the private information and contractual incompleteness in our environment. 43 We have assumed that no payments from buyers to sellers are determined until the second stage of the game, after buyers realize their valuations for goods. To cover their costs at this point, sellers could charge a …xed fee or (equivalently) set a reserve price in their auctions. But, since buyers' valuations are private information, any such fee would lead to an ine¢cient allocation of goods. 44 Buyers with low realized values will not pay the fee; for some realizations of buyers valuations, goods will not be sold. Therefore, in our setting, there is either an ine¢ciency in the allocation of goods (which would distort buyers' investment incentives) or some underinvestment on the part of the sellers when sellers' investment costs are high.
Coordination failure is a second source of ine¢ciency in this game. When both buyers and sellers make investment decisions, there are many equilibria where not enough investment takes place. The intuition is simple. Sellers invest in assets only if they expect enough future demand so that they can cover their investment costs. Buyers only establish links to sellers if they expect 4 2 A proof available upon request shows that, in general, a su¢cient condition for an LAC network with B buyers and S sellers to be e¢cient is that (c; ®) be such that ® + (B ¡ S + 1)c<E[X S:B ] and c<
. 4 3 It would always be possible to cover sellers' costs if long-term contracts were available. Buyers could commit to pay sellers for their investments regardless of which buyers ultimately purchase goods. Such agreements, however, are likely to be di¢cult to enforce or violate antitrust law. These payments might also be di¢cult to determine. As we have seen, buyers can be in very asymmetric positions in e¢cient networks, and the payments may need to re ‡ect this asymmetry. The more complex the fees need to be and the more buyers and sellers need to be involved, the less plausible are long term contracts.the sellers to invest. Therefore, the possibility arises that some sellers do not invest because they do not have links to su¢ciently many buyers, and buyers do not build links to these sellers because they do not invest. Indeed, the null network is always an equilibrium of this model. Such coordination failures may be preventable, of course, in an expanded model of network formation. For example, if buyers and sellers can engage in discussions or "cheap talk" prior to investment, they may be able to coordinate on the e¢cient network without any formal contracting. 45 Indeed, professional associations, chambers of commerce, and other institutions that foster business relations may facilitate this coordination. 46 
IV. Conclusion
This paper addresses two fundamental economic questions. First, what underlying economic environment may lead buyers and sellers to establish links to multiple trading partners? That is, why do networks, which we see in a variety of settings and industries, arise? Second, should we expect such networks to be e¢cient? Can buyers and sellers, acting non-cooperatively in their own self-interest, build the socially optimal network structure?
Our answer to the …rst question is that networks can enable agents to pool uncertainty in demand. When sellers' productive capacity is costly and buyers have uncertain valuations of goods, it is socially optimal for buyers to share the capacity of a limited number of sellers.
The way in which buyers and sellers are linked, however, plays a critical role in realizing these economies of sharing. Because links are costly, there is a tradeo¤ between building links and pooling risk. Using combinatoric techniques, we show that the links must be "spread out" among the agents and characterize the e¢cient link patterns which optimize this tradeo¤.
We then address the second question: when can buyers and sellers, acting non-cooperatively, form the e¢cient network structure. A priori there is no reason to expect that buyers will have the "correct" incentives to build links and sellers the correct incentives to invest in productive capacity. We identify properties of the ex post competitive environment that are su¢cient to 4 5 For an overview of the cheap talk literature, see Farrell and Matthew Rabin (1996) . Cheap talk can improve coordination, but it can also have no e¤ect at all depending on which equilibrium is selected. Another way to solve coordination failure is for the agents to invest sequentially with buyers choosing links in advance of sellers choosing assets. This speci…cation, however, introduces more subtle coordination problems as discussed in Kranton and Minehart (1997) .
4 6 See, for example, Lazerson (1993) who describes the voluntary associations and government initiatives that helped establish the knitwear districts in Modena, Italy.
align buyers' incentives with social welfare. First, the allocation of goods is e¢cient. Second, the buyer earns the marginal surplus from exchange, and thus, the value of its links to economic welfare. However, it is also possible that sellers may not receive su¢cient surplus to juistify e¢cient investment levels. And buyers and sellers may fail to coordinate their link and investment decisions.
We …nd evidence for our positive results in studies of industrial supply networks. In many accounts, buyers are aware of the potential consequence for their suppliers of uncertainty in their demand. Buyers share suppliers, explicitly to ensure that suppliers have su¢ciently high demand to cover investment costs. Buyers "spread out" their orders -re ‡ecting the structure of e¢cient link patterns. In a study of engineering …rms and subcontracting in France, we …nd a remarkably clear description of this phenomenon. According to Lorenz (1989) In another example, Nishiguchi's (1994) study of the electronics industry in Japan reveals that buyers counter the problem of "erratic trading" with their subcontracters by spreading orders among the …rms, warning their contracters of shortfalls in demand, and even asking other …rms to buy from their subcontracters when they have a drop in orders. In an interview, a buyer explains: "We regard our subcontractors as part of our enterprise group: : : :Within the group we try to allocate the work evenly. If a subcontractor's workload is down, we help him …nd a new job. Even if we have to cut o¤ our subcontractors, we don't do it harshly. Sometimes we even ask other large …rms to take care of them." (p.175). These practices are part of long-term economic calculation to maintain a subcontractor's invesment in value-enhancing assets. 47 There is also evidence of our less optimistic results: …rms may fail to coordinate on the e¢cient network structure, or even in establishing any links at all. In many developing countries, there is hope that local small-scale industries can mimic the success of European vertical supply networks. However, researchers have found that …rms do not always coordinate their activities (John Humphrey, 1995) . There is then a role for community and industry organizations, such as chambers of commerce, in establishing e¢cient networks.
By introducing a theory of link patterns, this paper opens the door to much future research on buyer-seller networks. Here we have explored one economic reason for networks: economies of sharing. There are many other reasons why multiple links between buyers and sellers are socially optimal. Buyers may want access to a variety of goods. Sellers may have economies of scope or scale. Sellers could be investing in di¤erent technologies, and buyers may want to maintain relationships with many sellers to bene…t from these e¤orts. In many environments, a …rm's gain from adopting a technology may depend on the number of other …rms adopting the technology. Using the model here, a buyer's adoption of a seller's technology can be represented by a "link," allowing a more precise microeconomic analysis of "network externalities" and "systems competition." Future studies of networks may give other content to the links. Links to sellers or buyers may contain information about product market trends, or even competitors. There may then be a tradeo¤ between gathering information and revealing information by establishing links.
Future research on networks could build on to the bipartite structure introduced here. For example, in addition to the links between buyers and sellers, there may be links between the sellers themselves (or between the buyers themselves). These links could represent a sellers' cooperative or industry group. There are many settings where sellers, formally and informally, share inventories and otherwise cooperate to increase their collective sales. 48 In another example, a product market could be added to the buyer side of the network. In industrial supply settings, the buyers could be manufacturers that in turn sell output to consumers. We could then ask how the nature of consumers' demand and the …nal product market a¤ect network structure. This paper suggests a new, network approach to the study of personalized and group-based exchange. A growing literature shows how long-term, personalized exchange can shape economic transactions. Greif (1993) studies the 11th Century Maghribi traders who successfully engaged in long-distance commerce by hiring agents from within their group. Kranton (1996) shows how exchange between friends and relatives and the use of "connections" supplants anonymous market exchange in many settings. The analysis here suggests a link-based strategy for evaluating such forms of exchange and interlocking groups of buyers and sellers. In our study of e¢cient link patterns, for example, we saw that all agents need not be linked to all other agents. Sparse links between agents or across groups, then, may not be evidence of trading ine¢ciencies. The pattern may also re ‡ect the optimal tradeo¤ between the cost of links and the potential gains from exchange.
Appendix A. Competition for Goods in Buyer-Seller Networks: An Auction Model
In this appendix, we develop our ascending-bid auction model of competition in networks.
We …rst show that it is possible to construct, in a network, a process of "auction clearing" that is well de…ned. We then construct the auction game and show that it is an equilibrium following iterated elimination of weakly dominated strategies for each buyer to remain in the bidding of each seller's auction up to its valuation of a good. This argument requires a proof beyond that for a single-seller ascending-bid auction. A priori we might think a buyer could gain by dropping out of some auctions at a price below its valuation. The auction could clear at a lower price, and fewer buyers would be bidding in remaining auctions. The buyer could then procure a good at a lower price. The proof shows this reasoning is false. We end the Appendix by proving Proposition 1. In the equilibrium, (i) the allocation is e¢cient, and (ii) the allocation and prices are pairwise stable.
First make precise what we mean by "demand is weakly less than supply" for a subset of sellers in a network. The auction will specify that whenever this situation occurs, this subset of sellers will "clear" at the going price.
As the auction proceeds, there will be interim link patterns that re ‡ect whether buyers are still actively using their links to secure goods. Starting from any link pattern, when a buyer drops out of the bidding of an auction, we can think of it as no longer linked to that seller. Similarly, when a buyer secures a good, it is e¤ectively no longer linked to any remaining seller.
In these interim patterns, we will ask whether any subset of sellers is clearable. Formally, consider any link pattern G. A subset of sellers C is clearable if and only if there exists a feasible allocation such that all buyers b i 2 L(C) obtain a good from a seller s j 2 C. (Note that, by de…nition, for a clearable set of sellers C, total demand is weakly less than supply (i.e.,
jL(C)j < jCj).
We use Lemma A.1. to show that there is always a unique maximal clearable set of sellers. This set, denoted by C, is the union of all clearable sets of sellers in a given "interim" link pattern.
If there are no clearable sets, C = ;.
Lemma A.1. Consider two clearable sets of sellers C 0 and C 00 . The set fC 0 [ C 00 g is also a clearable set of sellers.
Proof. If C 0 and C 00 are disjoint, then clearly the union is a clearable set. For the case when they are not disjoint, the …rst task is to show that
That is, the number of buyers linked to the sellers in C 0 [ C 00 does not exceed the number of sellers in that set. To show this, we will add up the buyers from linked buyers of each subset and show that the sum cannot exceed jC 0 j + jC 00 j ¡ jC 0 \ C 00 j.
Because C 0 is a clearable subset, by de…nition jL(C 0 )j < jC 0 j. Consider L(C 0 [ C 00 ). How many buyers are in this set? First of all, we have the buyers in L(C 0 ) : Now we add buyers from L(C 00 ).
We add those buyers that are in L(C 00 ), but not in L(C 0 ): The largest number of buyers that we can add is jC 00 j ¡ jC 0 \ C 00 j. Why? We cannot add any buyers that are linked to the sellers in fC 0 \ C 00 g because they have already been counted as part of L(C 0 ) . So we can only add buyers that are linked exclusively to the remaining sellers in C 00 , which number jC 00 j ¡ jC 0 \ C 00 j : At most jC 00 j ¡ jC 0 \ C 00 j buyers are linked exclusively linked to these sellers. If there were more than than this number of buyers exclusively linked to these sellers, the Marriage Theorem would be violated for C 00 , that is, there would be a subset k of the buyers in L(C 00 ) that are collectively linked to less than k sellers. So we havē
hich shows that inequality above is satis…ed.
Next we show that there exists a feasible allocation in which all the buyers in L(fC 0 [ C 00 g) obtain goods. Assign the buyers in L(C 0 ) to sellers in C 0 . This is possible because C 0 is a clearable set. Assign the additional jC 00 j ¡ jC 0 \ C 00 j (or less) buyers from L(C 00 ) to sellers in the set fC 00 n (C 0 \ C 00 )g. This is possible because these buyers are exclusively linked to sellers in fC 00 n (C 0 \ C 00 )g and C 00 is a clearable set -every subset of k buyers must be collectively linked to at least k sellers and thus all are able to secure goods.
We now construct the auction game. First, sellers simultaneously decide whether or not to hold ascending-bid auctions as speci…ed below. This choice is observed by all players. Sellers make no other decisions. (E.g., they cannot set reserve prices. We discuss the implications of reserve prices in the text.) Auctions of participating sellers proceed as follows: there is a common price across all auctions. Buyers can bid only in auctions of sellers to whom they are linked.
Initially, all buyers are active at a price p = 0. The price rises. At each price, each buyer decides whether to remain in the bidding or drop out of each auction. Once a buyer drops out of the bidding of an auction, it cannot re-enter that auction at a later point in time. Buyers observe the history of the game.
The price rises until a clearable set of sellers occurs in an interim link pattern. The buyers that are linked to the sellers in the maximal clearable set, L(C); secure a good at the current price. If there is more than one feasible allocation where all b i 2 L(C) obtain goods, but where di¤erent sellers provide goods, one feasible allocation is chosen at random. Note that this rule implies no buyer is ever allocated more than one good. Removing these sellers and their buyers from the network creates another interim link pattern. If there are remaining sellers, the price continues to rises until another clearable set arises in further "interim" link patterns. This procedure continues until there are no remaining bidders.
In this game, a strategy for a seller is simply a choice whether or not to hold an auction. A strategy for a buyer i speci…es the auctions in which it will remain active at any price level p, as a function of v i , any remaining sellers, any remaining buyers, any interim link pattern, and any prices at which any buyers dropped out of the bidding of any auctions.
We solve for a perfect Bayesian equilibrium following iterated elimination of weakly dominated strategies. It is a weakly dominant strategy for a seller to hold an auction since it earns nothing if it does not. For buyers, we have the following result.
Proposition A.1. For a buyer, the strategy to remain in the bidding of each of its linked sellers' auctions up to its valuation of a good is an equilibrium following iterated elimination of weakly dominated strategies.
Proof.
We do not consider the possibility that two buyers have the same valuation. This is a probability zero event, and we are interested only in expected payo¤s from the auction.
I. First we argue that the proposed strategy constitutes a perfect Bayesian equilibrium. Does any buyer have an incentive to deviate from the above strategy? Clearly, no buyer would have an incentive to stay in the bidding of an auction after the price exceeds its valuation. But suppose that for some history of the game, a buyer i drops out of the auction of some linked seller s j when the price reaches e p < v i . The buyer's payo¤ can only increase from the deviation if the buyer obtains a good, so we will assume that this is the case. Let seller h be the seller from whom buyer i obtains a good after it deviates.
We argue that the buyer cannot lower the price it pays for a good by dropping out of an auction early. There are two cases to consider:
(i) Buyer i obtains a good from seller h at the price e p. We argue that this outcome can never arise. Consider the maximal clearable set of sellers, C, and the set of buyers that obtain goods from these sellers L(C) at price e p, given buyer i drops out of seller j's auction a price e p. Since buyer i obtains a good, we have b i 2 L(C). At some price just below e p (just before buyer i drops out) the set L(C) is exactly the same. Hence, if C is a clearable set at e p it also a clearable set at the lower price.
(ii) Buyer i obtains a good from seller h at a price above e p. Consider the buyer that drops To see that a buyer can never decrease the price it pays by dropping out of several auctions, simply order the auctions by the price at which the buyer drops out from lowest to highest and apply the above argument to the last auction. (The argument works unchanged if a buyer drops out of several auctions at once.)
II.
We now show that the proposed strategies are an equilibrium following iterated elimination of weakly dominated strategies.
First, suppose that each buyer i chooses a bidding strategy that depends only on its own valuation v i and not on the history of the game. That is, buyer i's strategy is to stay in the bidding of auction j until the price reaches b i (v i ; j). The same argument as in part I shows that it is a weak best response for each buyer to stay in the bidding of all auctions until the price reaches its valuation. In the parts of the argument above where a buyer k's valuation v k determines the price at which an auction clears, replace the buyer's valuation with the price from the bidding
Second, suppose that buyers choose strategies that depend on the history of the game. These strategies specify that, for some histories, buyers will drop out of some auctions before the price reaches their valuations and/or remain in some auctions after the price exceeds their valuations.
There are only two reasons for a buyer i to adopt such a strategy. First, by dropping out of an auction early, a b i allows another buyer k to purchase a good from s j and thereby lowers the price b i ultimately pays for a good. We showed above that this reduction never occurs. Second, dropping out of an auction early or staying in an auction late may lead to a response by other buyers. Consider any play of the game in which, as a consequence of buyer i dropping out, some other buyers no longer remain in all auctions until the price reaches their valuation or stay in an auction after the price exceeds their valuation. Since the population of buyers is …nite, there are only a …nite number of buyers who would bid in this way. Consider the last such buyer. When it bids in this way, the buyer does not a¤ect the bidding of any other buyers. Therefore, it can only lose by adopting the strategy to drop out of auction before the price reaches its valuation, or remain in an auction after the price exceeds its valuation. This strategy is weakly dominated by staying in each auction exactly until the price reaches its valuation. Eliminating this strategy, the second-to-last buyer's strategy to drop out early or remain late is then also weakly dominated.
And so on.
We …nish our treatment of the auction by proving Proposition 1: (i) in this equilibrium of the auction, the allocation of goods is e¢cient for any realization of buyers' valuations v, and (ii) the allocation and prices are pairwise stable.
Proof of Proposition 1.
(i) We show that in equilibrium, the highest valuation buyers obtain goods whenever possible given the link pattern. Therefore, the equilibrium allocation of goods is e¢cient for any realization of buyers' valuations v.
At the price p = 0 and the original link pattern, consider any maximal clearable set of sellers, C, and the buyers in L(C). It is trivially true that these buyers have the highest valuations of buyers linked to sellers in C in the original link pattern.
Now consider the remaining buyers BnL(C), the interim link pattern that arises when the set C is cleared, and the next maximal clearable set of sellers, C 0 ; that arises at some price p > 0.
We let L(C 0 ) denote the set of buyers linked to any sellers in C 0 in the interim link pattern. By de…nition of a clearable set, jL(C 0 )j < jC 0 j, but for p > 0; it can be shown that jL(C 0 )j = jC 0 j. 49
Consider the buyers in L(C 0 ). We argue that these buyers must have the highest valuations of (ii) We show here that the allocation and prices are pairwise stable. Suppose seller j sells its good to buyer k and in the original graph a seller j is linked to a buyer i that has a higher valuation than buyer k. From part (i), either buyer i purchases from a seller that clears at the same price as seller j or it bought previously at a lower price. Therefore, buyer i would not be willing to pay seller j a higher price that seller j receives from buyer k. The bidding mechanism also ensures that no buyer that does not obtain a good is linked to seller willing to accept a price below the buyer's valuation. (The fact that the buyer is not obtaining a good implies that the 4 9 The proof that jL(C 0 )j = jC 0 j when p > 0 is available from the authors on request. Intuitively, if any sellers do not sell goods, they are part of a clearable set at p = 0: price all of its linked sellers are receiving is above the buyer's valuation). There is also no linked seller providing a good at a lower price than it is paying (otherwise the set of sellers would not be clearable at that price).
Proof of Lemma 1.
We show below that for any link pattern and for each realization of buyers' valuations, a buyer's payo¤ in the auction is equal to its contribution to the gross surplus of exchange. That is, a buyer i earns the di¤erence between w(v; A ¤ (v; G)) and the surplus that would arise if buyer i did not purchase. Taking expectations over all the valuations, then gives us that a buyer's Vpayo¤ is equal to the buyer's contribution to expected gross surplus. The di¤erence in a buyer's V ¡ payo¤ in any two link patterns is then the di¤erence in the buyer's contribution to expected gross surplus in each link pattern. If two link patterns di¤er only in the buyer's own link holdings, the di¤erence in the buyer's contribution to expected gross surplus in each link pattern is the same as the di¤erence in total expected gross surplus in each link pattern. This gives the result. ; the solution to the buyer's maximization problem is g i = g o i .
Proof of Proposition 3.
By the Marriage Theorem, a network of buyers and sellers (B; S) is allocatively-complete if and only if every subset of k buyers in B is linked to at least k sellers in S for each k, 1<k<S.
First we show that B ¡ S + 1 links per seller is necessary for allocative completeness. Suppose for some seller s j 2 S, jL(s j )j <B ¡ S. Then there are at least B ¡ (B ¡ S) = S buyers in the network that are not linked to s j . No buyer in this set of S buyers can obtain a good from s j .
Therefore, there is not a feasible allocation in which this set of buyers obtain goods, and the network is not allocatively complete.
To show su¢ciency, we construct a network as follows: S of the buyers have exactly one link each to a distinct seller. The remaining buyers are linked to every seller in S. It is easy to check that this network satis…es the Marriage Theorem condition above and involves B ¡ S + 1 links per seller.
Proof of Proposition 4.
Let G be an LAC link pattern and let G 0 be any other link pattern which forms an AC but not LAC network on (B; S). It is clear that W (G) > W (G 0 ), since H(G) = H(G 0 ), and G involves fewer links.
Next, let G 0 be any graph that is not an AC network and yet yields higher welfare than G. In G 0 there is at least one set of S buyers that cannot all obtain goods when they have the highest S valuations. Label one such set of buyers e B. Below we prove that we can add exactly one link between a buyer in e B and a seller not currently linked to any buyer in e B so that for any realization To …nish the proof, we show that it is possible to add exactly one link between a buyer in e B and a seller not currently linked to any buyer in e B so that for any realization v of buyers'
valuations such that the buyers in e B have the top S valuations, one more buyer in e B obtains goods in the A ¤ (v;G 00 ) than in A ¤ (v;G 0 ), where G 00 is the new graph formed from adding the link.
First we need a few de…nitions. We say that a set of k buyers, for k <S; is de…cient if and only if it is not collectively linked to k sellers. A set of k buyers, for k <S; is a minimal de…cient set if and only if it is a de…cient set and no proper subset is de…cient. For a minimal de…cient set of k <S buyers, the k buyers are collectively linked to exactly k ¡ 1 sellers. (Otherwise, if they were linked to fewer buyers, the set is not a minimal de…cient set.) Hence, adding one link between any buyer in the set and any seller not linked to any buyer in the set removes the de…ciency.
In G 0 , by assumption, there is no feasible allocation in which the set of buyers e B obtains goods. The Marriage Theorem implies that there is some subset there is a feasible allocation in which each buyer in B M obtains a good in G 00 but not in G 0 :
Proof of Proposition 5.
Suppose now that some link pattern G is an equilibrium outcome, and G is an AC but not LAC link pattern. A proof available upon request from the authors shows that all LAC link patterns are subgraphs of AC link patterns. Since buyers earn the same V -payo¤s in any AC (or LAC) link pattern, in G some buyer has a link that is redundant in the sense that the buyer can cut the link and not change its V -payo¤s. Since c > 0; the buyer would want to cut this link to increase its pro…ts. Therefore, G can not be an equilibrium outcome.
Suppose some link pattern G is an equilibrium outcome and is not AC. Because the graph is not AC, there is at least one minimal de…cient set B M of buyers. By Proposition 4, there is a link that a buyer b i 2 B M can add to some seller s j , and this link increases gross surplus by
. By Lemma 1, buyer i earns this increase in surplus in its V -payo¤s.
Hence, b i has an incentive to add the link for c <
. This contradicts the assumption that G is an equilibrium for this range of link costs.
We have shown that the only equilibrium outcomes that are possible for the hypthesized range of link costs are LAC networks . By Proposition 2 the e¢cient link pattern is always an equilibrium outcome, and by Proposition 4 LAC's are the e¢cient patterns for this range of costs.
Hence, in this range of costs, only e¢cient networks (i.e., LAC's) are equilibrium outcomes of the game.
